Introduction. Let D be a squarefree integer, and let h(D), C(D)
be the class number and classgroup of Q( √ D), respectively. The theory of genera, due to Gauss, readily determines the 2-rank of C(D), and in a series of articles from the 1930's, Rédei [17] develops the machinery necessary to compute both the 4-and 8-ranks. For example, if p ≡ 1 mod 4 is a prime integer, then 2-C(−p), the 2-Sylow subgroup of C(−p) has both 2-rank and 4-rank one, and, in fact, we have (a) h(−p) ≡ 0 mod 8 iff (1−i | p) = 1 , i.e. iff 1− √ −1 is a square mod p.
In 1969, Barrucand and Cohn [2] reinterpreted this result, using the arithmetic of Q( √ 2, i) to show (a ) h(−p) ≡ 0 mod 8 iff p = x 2 + 32y 2 , for x, y ∈ Z .
In 1976, Pizer [16] used quaternion algebras to obtain, in various cases, information on the sums of certain class numbers. In particular, he showed (b) h(−p) + h(−2p) ≡ p − 1 2 mod 8 .
More recently, Williams [24] in 1981 was able to relate h(−p) to the fundamental unit ε p of Q( √ p). Specifically, given p ≡ 1 mod 8 and ε p = T + U √ p > 1 with T ≡ 0 mod 4, U ≡ 1 mod 4, he improved the result of Lehmer [14] , Cohn and Cook [3] , and Kaplan [12] : h(−p) ≡ T mod 8, to a more refined In the literature of the past few years, a number of authors, perhaps most notably Gras [9] and Pioui [15] , but also Desnoux [8] , Hardy and Williams [10] , Hikita [11] , Stevenhagen [21] and Uehara [22] (among others) have shown through a variety of means that (a)-(c) are in fact part of a rather broad family of results which can in many ways be expanded and refined. For example, with a fairly simple computation one can show that the results of [9] and [15] (themselves obtained through p-adic measure theory) imply the following Proposition (see Proposition 3.1 and Corollaries 3.1 and 3.2). Let P = p 1 . . . p k with p i ≡ 1 mod 8, k odd or k = 2, with (p i | p j ) = −1 ∀i = j. Then (A) h(−P ) ≡ 0 mod 2 k+2 iff (1 − i | P ) = 1. (B) h(−P ) + h(−2P ) ≡ 2 k−2 (P − 1) mod 2 k+2 . (C) Let ε P > 1 be the fundamental unit of Q( √ P ). Then h(P ) log 2 (ε P ) √ P ≡ 2 k−1 (P − 1) + h(−P ) mod 2 k+3 .
(We note that (A) and (B) can be found in [13] , (B) for the cases k = 1, 2 in [16] . That (C) in the case k = 1 is precisely Williams' result (c) can be seen by taking the 2-adic power series expansion for log 2 (x) [23] .) In this article we establish a uniform procedure for obtaining congruences such as (A)-(C) by studying the cuspidal behavior of certain 2-adic modular forms. Through it one can derive a family of results, similar in form and refinement to those found in [9] and [15] . This is essentially the content of [6] , and is outlined in Sections 2 and 3. While it should be noted that the method developed does suppress some fairly heavy machinery (for instance Rappoport's q-expansion principle), it does, however, succeed in reducing our problem to some fairly simple computations. Finally, we note that the arguments used are structured so that they may be lifted from Q to a totally real number field K, to consider the relative class numbers of certain CM extensions through Hilbert modular forms. As such, results analogous to (A)-(C) are often attainable. This is done for a specific example in Section 4.
2.
We now recall several modular forms and their behavior at a certain class of unramified cusps. Rappoport's q-expansion principle, as mentioned before, will be crucial to our arguments, and as such will be stated in the form that will be needed.
We begin with a result of Deligne and Ribet [7] , again weakened slightly to fit our situation. Let K be a totally real number field of degree r over Q.
Then there exists a modular form E K k,1,ε ∈ M k (Γ 00 (f ), C) (the space of weight k, level f Hilbert forms with coefficients in the complex numbers) whose q-expansion at the cusp determined by τ ∈ K * with τ ω = 1 at all infinite places ω and i(τ ) (ideal content) trivial , is given by the formula
where C is a constant depending on ε and τ , and by ε(A) and L(1 − k, ε), we mean their values when ε is viewed as a ray class character and L(s, ε) is the usual Dedekind L-function.
We add that in the cases we shall be considering, the contribution of C will be identically 0.
Theorem 2.2. Let µ, ν 0 be elements of K, and let L = K( √ −µν) > K. Moreover , let ε be the idele class character associated with L/K, ε : K * → {1, −1}. Then, for suitable N > 1, a weight one modular form on Γ 00 (N ) exists whose q-expansion at the cusp described in Theorem 2.1 is given by the series
Two other types of modular forms will also be considered. The first of these is the generalized Eisenstein series, which is formed as follows. Let χ 1 and χ 2 be ideal class characters with parity k ≥ 1 and relatively prime conductors N 1 and N 2 . Then we have a weight k, level N 1 N 2 , character χ 1 χ 2 modular form with q-expansion The second type of form we consider is purely cuspidal and is discussed by Serre in [19] and by Rogawski and Tunnell in [18] . Here we assume that K is again totally real, and, moreover, has narrow class number one. We let G K = Gal(K/K) be the absolute Galois group of K. Then, if is a 2-dimensional, irreducible, continuous and odd representation, : G K → GL 2 (C), the transform, under certain conditions, of L(s, ) is a weight one cusp form of a certain prescribed type. More specifically, if a weakened form of the Artin conjecture is true, and is such a representation with
µ is a weight one cusp form of some determinable level and character.
For example, suppose
Then we have the following [19] Theorem 2.3. Under the above conditions (1) is irreducible iff χ = χ σ , (2) the conductor of is |d F |N F/Q (f χ ), where f χ is the conductor of χ, (3) the representation of G Q is odd iff either (a) F is imaginary, or (b) F is real and χ has mixed signature.
Thus if p ≡ 1 mod 8 is a prime integer, (p) = p p in I Q(i) , we have a modular form F χ p = n≥1 a n q n ∈ S 1 (Γ 0 (4p), ψ 4 χ p ), where by ψ 4 , χ p we mean the characters corresponding to Q(i)/Q, Q( √ p)/Q respectively, and by χ p we mean the unique quadratic ray class character on I Q(i) of conductor p . Finally, we consider p-adic forms F k , k ≥ 0, on Γ 00 (N ) of respective weights k = 0, 1, 2, . . . (k = 0 meaning that the form is just a constant), all but finitely many of them being 0. In addition we assume that there exists a cusp α ∈ K * such that the coefficients of F k,α , the q-expansion of
then we have the following version of Rappoport's q-expansion principle [7] .
where p is any finite prime of K.
, again with all but finitely many of them being 0, then if S(α) ≡ T (α) mod p n holds for some α ∈ K * , it holds for all α ∈ K * .
3. In this section K will always be assumed to be Q, and the following additional notation will be considered in effect.
1. If n is a positive integer congruent to 1 (resp. 3) mod 4, then χ n (resp. ψ n ) is the unique even (resp. odd) quadratic Dirichlet, ideal, or idele class character associated to Q( √ n) (resp. Q( √ −n)).
ψ 4 is the character associated to
* is such that i(τ ) = 1 and τ ω = 1 at all infinite places ω.
We begin by considering the classical result: h(−r) ≡ 1 mod 2, for r a prime, r ≡ 3 mod 4, recovering it by manipulating the coefficients of an Eisenstein series. We let n≥1 a n q
Now if n = r α n , (r, n ) = 1, then we have
where ψ r ( √ n ) = 0 if √ n is not an integer. Therefore a n ≡ 0 mod 2 if n is not a square, and a n ≡ 1 mod 2 if it a square. In other words,
Now this congruence should, by Corollary 2.1, hold for every Fourier coefficient, at any unramified cusp. In particular, if τ ∈ Q * and τ ω = 1 at all places ω = r with τ r a nonsquare unit modulo r, we would have
Now if we simply consider the constant coefficients, we find from Theorems 2.1 and 2.2 that
Similarly, for p ≡ 1 mod 4, a prime, we may determine the parity of h(−p)
by considering
Selecting τ with τ p a nonsquare unit, and τ ω = 1 otherwise, we obtain
To determine h(−p) modulo 4, we consider a n modulo 4 where
As before, if n is not a square, we have a n ≡ 0 mod 4, implying To determine h(−p) modulo 8, for p ≡ 1 mod 8, we consider the twodimensional irreducible representations induced from the quadratic characters modulo p and p on the ideals of Q(i), where (p) = p p in I Q (i) . By Theorem 2.3 we have two cusp forms F χ p , F χ p and if L(s, χ p ) = n≥1 a n q n and F χ p = n≥1 a n q n , we consider a n modulo 8, where
Clearly, if n = l
n for distinct odd primes l i = p, then both summands are congruent to 0, i.e.
each of the last three factors on the right being even, while similarly a n = a 2 α p β a l 2k 1 +1 1 a l 2k 2 +1 2 a n ≡ 0 mod 4 by multiplicativity and the fact that a l
are an even number of ideals having norm l
). Hence a n = ±a n and a n + a n ≡ 0 mod 8.
Likewise, if n = l 2k+1 (n ) 2 , then a n ≡ 0 mod 8 again since
and F (γ )/F is the quadratic extension corresponding to χ p , then, if γ is the conjugate of γ over Q, F (γ )/F will correspond to χ p . But clearly, γ will be a square mod p iff γ is a square mod p ), and χ p (1 + i) = χ p (1 − i) = χ p (1 + i) (as p ≡ 1 mod 8, and 1 + i is a uniformizer for the dyadic prime of F ), we have
since the 2k + 2 ideals, l j l 2k+1−j , j = 0 to 2k + 1, each have norm equal to l 2k+1 , and their images under χ p and χ p are identically one or negative one. This, combined with ( * ), gives us a n ≡ 0 mod 8.
Finally
while, since a n 2 = a n 2 , a n + a n = a 2 α p β (a n 2 + a n 2 ) = 2a 2 α p β a n 2 = 2a
Using the same basic techniques, we find that the following generalization is possible.
Proposition 3.1. Let P = p 1 p 2 . . . p k be the product of prime integers with p i ≡ 1 mod 8 ∀i, with (p i | p j ) = −1 ∀i, j and k = 2 or k odd. Then 2 k+1 divides both h(−P ) and h(−2P ), and
P r o o f. (A)
We have already discussed the case k = 1 at the beginning of this section. We proceed then to the case k = 2.
For j = 1, 2, . . . , k we again let χ p j , χ p j be the unique quadratic characters on the ideals of Q(i), of respective conductors p j , p j , and consider n≥1 a n q n = E 1,1,
Reducing c n modulo 16, we find that, if n = 2 α p
2 , c n ≡ 0 mod 16 if n is not a square. If n is a square, then we have
.) Now if β 1 ≡ β 2 mod 2, say β 1 ≡ 1 mod 2, then clearly a n = 0. Moreover, we have c n ≡ 0 mod 16, since
implies that b n 's contribution is cancelled out as well. This is likewise the case for β 1 ≡ 0, β 2 ≡ 1 mod 2. If both β 1 , β 2 ≡ 1 mod 2, then we have
But this is equal to one, since F ( α 1 )/F , F ( α 2 )/F are unramified outside p 1 , p 2 . Hence, in this case, c n ≡ 4(1 + χ P (1 + i) α ) mod 16. Similarly, if β 1 ≡ β 2 ≡ 0 mod 2, we find immediately that again c n ≡ 4(1 + χ P (1 + i) α ) mod 16. Putting this all together yields
which gives us our result for k = 2. For k > 1, k odd, we make a similar argument, considering c n modulo 2 k+2 where n≥1 a n q n = S⊂{1,...,k} S =∅
where for a subset T ∈ {1, . . . , k}, χ P T P T c = j∈T χ p j i ∈T χ p i and χ P T = j∈T χ p j . Reducing to the case of n = 2
i n , with n a square, we have
As in the case k = 2 we then have, modulo 2 k+2 ,
Now if some β h ≡ β j mod 2, then c n ≡ 0 mod 2 k+2 , since a n 's contribution will be zero (i.e. ( β i + β h ) + ( β i + β j ) ≡ 0 mod 2, and so the terms cannot both be even), and, we claim, b n 's vanish as well. But this is clear, for if β 1 ≡ . . . ≡ β s ≡ 0 mod 2, and β s+1 ≡ . . . ≡ β k ≡ 1 mod 2 (1 ≤ s < k), then we have
since k is odd, and our terms again pair off and cancel. Using the fact that
Hence the result. To prove (B), we proceed in a nearly identical manner, this time considering c n modulo 2 k+2 where n≥1 a n q n = S⊂{1,...,k} S =∅
, and where χ p j , χ p j are, respectively, the unique quadratic ray class characters over F of conductors p j , p j . If n = 2 α k j=1 p β j j n we again find that if n is not a square, then c n ≡ 0 mod 2 k+2 . If n is a square, then
Once again, we have c n ≡ 0 mod 2 k+2 unless β i ≡ β j mod 2, ∀i, j. In this case, we use Hilbert symbols to show that
Therefore, since k is odd, we have c n ≡ 2
Choosing an appropriate cusp then gives us our result.
Corollary 3.2. Let P be as in Proposition 3.1. Then
is a primitive 8th root of unity, and therefore, (
Corollary 3.3. Let P be as in Proposition 3.1. Then
Since χ P (2) = 1 here, this, by the continuity of 2-adic L-functions [23] , implies
. Thus, we need only show
To this end, we consider d n modulo 2 k+3 , where
If n is not a square, then, since by assumption p j ≡ 1 mod 8 ∀j, we have
We note, however, that for
If n is a square, then, if S ⊂ {1, . . . , k} is the set of indices such that p i ≡ 9 mod 16 and
If k = 2, then clearly the contribution from ( * ) will be congruent to 0. Similarly, if k is odd, the contribution from the ith auxiliary term will likewise be congruent to 0 unless the simultaneous system of k − 1 equations in F 2 holds for each i ∈ S where A = 1 + the number of elements in S. Choosing an appropriate cusp gives us our result. A similar proof yields Corollary 3.4. Let P be as in Proposition 3.1. Then
4. In this section we will be assuming that K = Q( √ 2) and our forms will be Hilbert modular forms over that field. Moreover, we will be assuming the Artin conjecture for representations of G K . For a prime integer p ≡ 1 mod 8, we let p ∈ K be a totally positive representative of a prime ideal of K dividing p, and let τ = 2 + √ 2, ε = 1 + √ 2 be, respectively, a representative for the unique dyadic prime of K, and K's fundamental unit. We note that if ζ n is a primitive nth root of unity, n a positive integer, then
+ , the maximum totally real subextension of Q(ζ 16 ).
If we make the additional assumption that ε is a square modulo p (or, equivalently, by 3.1, 8 | h(−p) since
2 ), the extension K( √ p )/K will be ramified only at p , corresponding to the unique quadratic ray class character χ p of conductor p . Likewise, corresponding to the extensions K(i)/K and K( √ −τ )/K we have quadratic ray class characters which we shall denote (respectively) by ψ 1 and ψ 2 . Finally, for d ∈ K, we let h(d) be the class number of K( √ d) and show the following analog to (a)-(c) of Section 1. If p ≡ 1 mod 16 then
where, for a number field E, R 2 (E) is the 2-adic regulator of E.
P r o o f. (A) Here we proceed as at the beginning of Section 3. To show h(−p ) ≡ 0 mod 2, we consider a µ modulo 2, where
If µ = τ α p β µ , we once again find that 
As before, choosing an appropriate cusp (for example, τ ω = 1 at all places ω except p , where it is a nonsquare unit) yields
To determine the 4-divisibility of h(−p ), we consider a µ mod 4 where 
Our arguments from here on are precisely identical to those used over Q. We need only demonstrate that χ ( ) = χ ( ) = 1. But this computation is greatly facilitated by the well known fact that Q(ζ 8 Choosing an appropriate cusp gives us our result.
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